ON THE QUADRIC OF LIE

SU-CHENG CHANG
The most important quadric attached to an ordinary point of a non-ruled and nondegenerate surface is, perhaps, the quadric of Lie. The characteristic curve of the quadric of Lie varying along an asymptotic curve of the surface decomposes into an asymptotic tangent and two edges of the quadrilateral of Demoulin.
1 In this note we propose to determine whether the characteristic curve of the quadric of Lie may decompose into two conies when the quadric of Lie varies along certain curves of the surface. The answer is positive. Let (u, v) be the asymptotic net of a surface (M) and (M, Mi, M%, Ms) its normal tetrahedron of Cartan, M Mi, MM2 being the two asymptotic tangents and MMz, M\Mi being the directrices of Wilczynski. Except for a projective transformation the surface (M) is determined by the system [April
where M denotes a point of the surface with the coordinates M % (* = 1, 2,3, 4) and
2 # = /3 7 -, 23? = 0 7 -* dudv dudv The conditions of integrability of the system (1) are found to be 
yiy^ -y 2 yz = 0.
Suppose that the point P be fixed in space, from (1) and (3) 
^4
dlog/3 --= -y 2 + (1/2) y 4 .
Differentiating (4) along a curve v=v(w) of the surface (M) and making use of (5), we obtain that the characteristic of the quadric of Lie along this curve is given by (4) In order that the curves L should be indeterminate it is necessary and sufficient that the surface in consideration is of Demoulin and Godeaux. 2 In general the conies C\ and C 2 have M and M& in common. Noticing that the vertices of the quadrilateral of Demoulin are
where e=±l,e'=±l and that the planes (81) and (8 2 ) pass through the two diagonals of the quadrilateral of Demoulin, respectively, we infer that the two conies C\ and C% can be constructed by means of the quadric of Lie and the quadrilateral of Demoulin. The second quadric $1, namely, the associate quadric, 3 in the sequence of Godeaux 4 originally denned in virtue of the representation in 5*5, is given by the equation In fact, a point on the conic C\ at M can be given parametrically in the form (ABp 2 , Ap, Bp, 1), where p is a parameter. By means of (5) 
<9^
Substituting (11) into (4) gives that the coefficients of the terms (A«)° and (A^) 1 vanish for any value of p. A similar result holds for the conic C 2 , which completes the proof.
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